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Derivations

Proof of Proposition 1. Assume that all variables have mean zero.1 We start by writing

the expression of the probability limit of β̂OLS in matrix notation,

plim β̂OLS =

 βx

βw

+ E

 x2 xw

xw w2


−1

E

 xε

wε

 .

After computing the inverse of the variance-covariance matrix, we have

plim β̂OLSx = βx +
E[w2]E[xε] − E[xw]E[wε]

E[x2]E[w2] − E[xw]2

= βx +
E[w2]E[xε] − E[xw]E[wε]

σ2
xσ

2
w(1 − ρ2xw)

= βx +
σ2
wσxσε(ρxε − ρxwρwε)

σ2
xσ

2
w(1 − ρ2xw)

= βx +
σε(ρxε − ρxwρwε)

σx(1 − ρ2xw)
.

Similarly for the plim β̂IV ,

1This is without loss of generality, as shown by Giles (1984).
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plim β̂IV =

 βx

βw

+ E

 zx zw

xw w2


−1

E

 zε

wε


plim β̂IVx = βx +

E[w2]E[zε] − E[zw]E[wε]

E[zx]E[w2] − E[zw]E[xw]

= βx +
−E[zw]E[wε]

σxσ2
wσz(ρzx − ρxwρzw)

= βx +
−σ2

wσzσερzwρwε
σxσ2

wσz(ρzx − ρxwρzw)

= βx +
−σερzwρwε

σx(ρzx − ρxwρzw)
,

where we used the fact that E[zε] = 0. Finally for the plim β̂IV no w,

plim β̂IV no w =

[
βx

]
+ E

[
zx

]−1

E

[
zε0

]
plim β̂IV no w

x = βx +
E[zε0]

E[zx]

= βx +
E[z(βww + ε]

E[zx]

= βx +
E[zβww]

E[zx]

= βx +
βwσzσwρzw
σzσxρzx

= βx +
βwσwρzw
σxρzx

where we used the fact that E[zε] = 0.

Proof of Corollary 3. First we examine the case ρxε = ρwε and ρzx = ρzw. The OLS and

IV biases are
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∣∣∣Bias(β̂OLSx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 + ρxw)

∣∣∣∣ ,∣∣∣Bias(β̂IVx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 − ρxw)

∣∣∣∣ .
Note that ρxw = ρzx · ρzw > 0, and so

∣∣∣Bias(β̂OLSx )
∣∣∣ < ∣∣∣Bias(β̂IVx )

∣∣∣.
Consider the case ρxε = ρwε and ρzx = −ρzw. The OLS and IV biases are the same

∣∣∣Bias(β̂OLSx )
∣∣∣ =

∣∣∣Bias(β̂IVx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 + ρxw)

∣∣∣∣ .
Similarly, if ρxε = −ρwε and ρzx = ρzw, we have

∣∣∣Bias(β̂OLSx )
∣∣∣ =

∣∣∣Bias(β̂IVx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 − ρxw)

∣∣∣∣ .
Finally, if ρxε = −ρwε and ρzx = −ρzw, ρxw = ρzx · ρzw < 0 and

∣∣∣Bias(β̂OLSx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 − ρxw)

∣∣∣∣ ,∣∣∣Bias(β̂IVx )
∣∣∣ =

∣∣∣∣ σερwε
σx(1 + ρxw)

∣∣∣∣ ,
giving us the same strict inequality of the first case.

Proof of Proposition 2.

For the case where w̃ is not included, we have
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plim β̂IV no w =

[
βx

]
+ E

[
zx̃

]−1

E

[
z (w̃βw − uxβx − uwβw + ε)

]
= βx +

E[zβww̃]

E[zx]

= βx +
βwσzσw̃ρzw̃
σzσx̃ρzx̃

= βx +
βwσw̃ρzw̃
σx̃ρzx̃

where we used the fact that y = (x̃− ux)βx + (w̃ − uw)βw + ε.

For the cases where w̃ is included, we start by writing the expression of the probability

limit of β̂OLS in matrix notation as before,

plim β̂OLS =

 βx

βw

+ E

 x̃2 x̃w̃

x̃w̃ w̃2


−1

E

 x̃ (−uxβx − uwβw + ε)

w̃ (−uxβx − uwβw + ε)

 ,

After computing the inverse of the variance-covariance matrix, we have
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plim β̂OLSx = βx +
E[w̃2]E[x̃ (−uxβx − uwβw + ε)] − E[x̃w̃]E[w̃ (−uxβx − uwβw + ε)]

E[x̃2]E[w̃2] − E[x̃w̃]2

= βx +
E[w̃2] (−E[x̃ux]βx − E[x̃uw]βw + E[x̃ε]) − E[x̃w̃] (−E[w̃ux]βx − E[w̃uw]βw + E[w̃ε])

E[x̃2]E[w̃2] − E[x̃w̃]2

= βx +
σ2
w̃(−σ2

uxβx + σx̃σερx̃ε) − σx̃σw̃ρx̃w̃(−σ2
uwβw + σw̃σερw̃ε)

σ2
x̃σ

2
w̃(1 − ρ2x̃w̃)

= βx

(
1 −

σ2
ux

σ2
x̃(1 − ρ2x̃w̃)

)
+
σε(ρx̃ε − ρx̃w̃ρw̃ε)

σx̃(1 − ρ2x̃w̃)
+

σ2
uwρx̃w̃βw

σx̃σw̃(1 − ρ2x̃w̃)
.

Similarly for the plim β̂IV ,

plim β̂IV =

 βx

βw

+ E

 zx̃ zw̃

x̃w̃ w̃2


−1

E

 z (−uxβx − uwβw + ε)

w̃ (−uxβx − uwβw + ε)


plim β̂IVx = βx +

E[w̃2]E[z (−uxβx − uwβw + ε)] − E[zw̃]E[w̃ (−uxβx − uwβw + ε)]

E[zx̃]E[w̃2] − E[zw̃]E[x̃w̃]

= βx +
σw̃σzρzw̃σ

2
uwβw

σx̃σ2
w̃σz(ρzx̃ − ρxw̃ρzw̃)

+
−σ2

w̃σzσερzw̃ρw̃ε
σx̃σ2

w̃σz(ρzx̃ − ρx̃w̃ρzw̃)

= βx +
σ2
uwρzw̃βw

σx̃σw̃(ρzx̃ − ρx̃w̃ρzw̃)
− σερzw̃ρw̃ε
σx̃(ρzx̃ − ρx̃w̃ρzw̃)

.
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